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SEMIAMPLE PERTURBATIONS FOR LOG 
CANONICAL VARIETIES OVER AN F-FINITE FIELD 
CONTAINING AN INFINITE PERFECT FIELD 

HIROMU TANAKA 


Abstract. Let k be an F-finite field containing an infinite per¬ 
fect field of positive characteristic. Let (A, A) be a projective log 
canonical pair over k. In this note we show that, for a semi-ample 
divisor D on A, there exists an effective Q-divisor A' A + D 
such that (A, A') is log canonical if there exists a log resolution of 
(A, A). 


1. Main theorem 

In this note, we prove the following theorem that is non-trivial even 
for the kit case. 

Theorem 1. Fix K e {Q,M}. Let k be an F-finite field containing 
an infinite perfect field k 0 of characteristic p > 0. Let (A, A) be a 
projective log canonical ( resp. kit ) pair over k, where A is an effective 
IK -divisor. Let D be a semi-ample K-Cartier IK- divisor on X. If there 
is a log resolution of (A, A), then there exists an effective K-Cartier 
K-divisor D' D such that (A, A + D') is log canonical {resp. kit). 

In characteristic zero, Theorem [Tj holds by Bertini’s theorem for free 
divisors, which fails in positive characteristic. Our proof depends on 
the theory of E-singularities. More precisely, Theorem |T] follows from 
Proposition [2] and Proposition [3j 

Proposition 2. Fix IK e {Q, M}. Let k be an F-finite field containing 
an infinite perfect field k 0 of characteristic p > 0. Let (A, A) be a 
projective strongly F-regular variety over k, where A is an effective IK- 
divisor. Let D be a semi-ample IK -divisor on X. If X is regular, then 
there exists an effective K-divisor D ' ~k D such that (A, A + D') is 
strongly F-regular. 

Proposition 3. Let k be an F-finite field containing an infinite perfect 
field k 0 of characteristic p > 0. Let X be a projective regular variety 
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over k and let A be an effective simple normal crossing Q -divisor on 
X whose coefficients are contained in [0,1]. Let D be a semi-ample Q- 
divisor on X. Then there exists an effective Q-divisor D' D such 
that (A', A + D') is sharply F-pure. 


Idea of Theorem [1} We overview the proof of Theorem [0 We only 
treat the case K = Q, (A, A) is kit, and k is an infinite perfect field. 

Since there is a log resolution of (A, A), we may assume that A is 
smooth and A is simple normal crossing. In this case, the notions of kit 
and strongly F-regular singularities coincide, hence it suffices to show 
Proposition [2] because strongly F-regular singularities are kit. 

We may assume that D is base point free. By jPSZl Theorem B], we 
can fold a large integer m G Z >0 such that 

(A, A H ( D\ + • • • + -Ddimx)) 


is strongly F-regular for every Di G \D\. Since D is base point free, we 
can fold members 

D \, • ■ • , D m G | D | 


which satisfy the following property: 

(*) the intersection P| jeJ Dj is empty for every \J\ = dim A + 1. 
Set 


D , :=-(D 1 + --- + D ri 


D. 


m 


By (*), for every point x G A, there is an open subset x G U C A such 
that 

(■ v , (A + D') It,) = {U ,{A + - V Di)\„) 

m 


i&I 


for some / C {1,2, • • • , rri} with 0 < |/| < dim A. Therefore, (A, A + 
D') is strongly F-regular. 

If k is not a perfect held, then we need to replace [PSZ . Theorem B] 
in the above argument with Proposition |HJ Although the proofs of 
Proposition [2] and Proposition |2] are very similar, the proof of Proposi¬ 
tion [3] needs the inversion of adjunction for F-singularities established 
by [ Schwedej . 


Assumption on the base field: Let us consider about the as¬ 
sumption that k contains an infinite perfect field k^. First, we impose 
a restrictive condition: k is perfect. Then, our assumption k^ C k 
is equivalent to the condition that k is an infinite perfect field. In 
this case, a key result (Proposition |8]) almost follows from [PSZ, Theo¬ 
rem B], however we need the arguments in the proofs of Proposition [2] 
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and Proposition [3] For the case when k is a finite held, our proof en¬ 
counters a similar technical difficulty to the Bertini theorem for very 
ample divisors. Although the author does not know whether Theorem |Tj 
holds for finite fields, the method of |Poonen] may help us. 

Second, let us go back to the general situation. In the proof of a 
key result (Proposition [ 8 ]), we will make use of rational points or its 
p e -powers of A r k . To assure the existence of infinitely many p°°-torsion 
points, we assume that k contains an infinite perfect held. 

Motivation: Originally the motivation for Theorem [Tjis to show the 
relative kit/lc abundance theorem assuming the absolute abundance 
theorem. For example, given a morphism n : (A, A) —>■ S from a 
projective kit variety (.A, A) to a normal variety S, if K x + A is /-nef, 
then we see that K x + A + n*As is nef for some ample divisor As up to 
the cone theorem. Since n*As is semi-ample, Theorem Q] implies that 
there is an effective Q-divisor A' A + 7 t*A$ such that (A, A') is kit 
and Kx + A is nef. Thus, we could reduce the problem to the absolute 
case. In this situation, our assumption on the base held k is harmless 
because we can assume this as follows: hrst take the base change to 
the composite held of k and F p , and second we can fold a subheld of 
k which is finitely generated over F p and defines all the given varieties 
and morphisms. 

Related results: Recently, some problems on birational geome¬ 
try are solved by the theory of F-singularities ([ CRMS] . |CTX] . |HX] . 
IMusta^a] ). By using it, also this paper shows a result on birational 
geometry (Theorem [I]) . For some related topics of F-singularities, see 
[BSTZj . [BSTj . In particular, Bertini’s theorem of very ample divisors 
holds for F-singularities (|SZj). 

Acknowledgments. The author would like to thank Professors Paolo 
Cascini, Mircea Mustafa, Zsolt Patakfalvi, Karl Schwede and Shunsuke 
Takagi for very useful comments and discussions. 

2. Notation 

We say X is a variety over a held k (or fc-variety) if X is an integral 
scheme which is separated and of finite type over k. 

Let A" be a normal variety over a held k. For a closed subset Z of 
A", we say Z is a simple normal crossing divisor if, for the irreducible 
decomposition Z = U«A. we obtain dim D{ = dim A — 1 for every 
j 6 / and rw Dj is regular for every subset 0 7 ^ J C /, where we 
consider F, ; as the reduced scheme and the intersection f| jeJ Dj means 
a scheme-theoretic intersection. 
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Let X be a normal /c-varietv and let D be an effective M-divisor. 
We say p : W X is a log resolution of (X, D ) if /x is a projective 
birational morphism, W is regular and p,~ 1 (D) U Ex(/i) is a simple 
normal crossing divisor. 

We will freely use the notation and terminology in |Kollar] . In par¬ 
ticular, for the definitions of kit and log canonical singularities, see 
[ Kollari Definition 2.8]. 

For the definitions of strongly F-regular and sharply F-pure pairs, 
see [ Schwedel Definition 2.7] and |CTXl Definition 2.7]. For e G Z >0 , a 
normal variety X and an effective Z-divisor D on X, we have a trace 
map 

Tr e x (D) : Fl{O x {-{f ~ 1)K X - D)) -A O x . 

For the dehnition and the basic properties of trace map, see [CTX1 
Section 2.3]. 

We say an M-Cartier M-divisor D is semi-ample if we can write D = 
^ KKr aiDi, where a* G M>o and Di is a semi-ample Cartier divisor. 

3. Proofs 


We recall a basic lemma. 

Lemma 4. Let A be an integral domain of characteristic p > 0 and as¬ 
sume that A has a p-basis {or, • • • , x n }. Then, {or, • • • , x n , ti, ■ ■ ■ ,t r } 
is a p-basis of A[t\, ■ ■ ■ ,t r \. 

Proof. We may assume that r = 1 and set t\ =: t. Consider the 
following A-module homomorphism 

<p: ® A-x j 1 • • • x%t j -A F*(A[t]), xl 1 ■ ■ ■ x^t j ha F^x'f ■ ■ ■ 

0 <ie,j<p 

where the left hand side is the free A-module generated by a basis 
{x l f ■ ■ ■ x][‘P}o<i^j< p . The surjectivity is clear. We show the injectivity. 

Assume that 

fu ^) Px i ''' x n tj = 0 in A M > 

0 <ii,j<p 

for some fij(t ) G A[t\ where / := (A, • ■ ■ ,i n ) is the multi-index. We 
show fi,j(t ) = 0 for every / and j. We can write fi,j(t ) = ]Cfc a fc f° r 
some a ^ G A. We obtain 

E I'M*? ■ ■ ■ = EE “h‘‘) p 4' ■ ■ ■ = E (“DM 1 ■ ■ ■ < t pi+i = o. 

I,j 1,3 k Lj, k 
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Since every coefficient of t pk+3 vanishes, we obtain 

J2( a k J ) Px i ■ ■ ■ x 1 " =0 

i 

for every j and k. By the definition of p-basis, we obtain a^ = 0 for 
every I, j and k. Tims fij(t ) = Yhk a k^ k = 0 for every / and j. We 
are done. □ 


The following lemma essentially follows from [Schwede ]. 

Lemma 5. Let Y be a regular variety over an F-finite field of charac¬ 
teristic p > 0. Let S be a reduced simple normal crossing divisor and 
let 5 = be the irreducible decomposition. Set T := P| . e/ S t . Let 

E be an effective Cartier divisor on X such that T (jL SuppA. Fix a 
(possibly non-closed ) point y G T and e G Z >0 . Then, the following 
assertions are equivalent. 

(1) Tr Y ((p e — 1)S + E) is surjective at y. 

(2) Ttt(E\t) is surjective at y. 


Proof. By the construction of the trace map, we obtain the following 
commutative diagram (cf. [TJ Lemma 2.6(1)]): 


Ff(0 Y (-(p e - 1 ){K X + S)- E)) -> Ff(0 T (-(p £ - 1 )K t - E | T )) 

surjection 


Tr|.((p e -1)5+E) 


T4(E|t) 


c> 


Y 


-> 

surjection 


( Ot • 


If Try((p e — 1)5 + E) is surjective at y, then so is Tif(E\ T ) by a 
diagram chase. Thus, assume that Tr f(E\x) is surjective at y. By 
a diagram chase, there exists a G Im(Try((p e — 1)5 + E)) such that 
p(a) = 1 G Ox, y - Then, we see a — 1 G ItOy iV C m y Oy,y This implies 
that a is a unit of 0 Y) y We are done. □ 


Since we would like to treat rational points of A r k and their p e -powers, 
we introduce the following terminologies. 

Definition 6. Let A: be a field. A coordinate t [t 1; • • ■ , t r \ of A r k is 
a set of elements of OA r k (A k ) which satisfies k\t\,--- ,t r \ = OA r k (A r k ). 
This induces a bijection: 

6 : k r —)■ A[(k), (ci, ■ ■ • , c r ) (->• (ti — Ci, • • • , t r — c r ). 

For a subheld k 0 C k , we define A r k (t, k 0 ) := 0(k r o). 
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Remark 7. The set A l(t,ko) is a subset of A r k (k), which depends on 
the choice of a coordinate t = [A, ■ ■ • , t r ]. Actually, for every a G A r k {k) 
and every subheld k 0 C k , we can find a coordinate t = [A, • • • ,t r ] such 
that a G A r k (t, k 0 ). On the other hand, we obtain A r k (t, k 0 ) = A r k (t', k 0 ) 
for another coordinate t' — [t \, • • • , t' r \ such that t[ = t t — c % with c* G An 

Proposition [8] is a key result in this paper, which compares a special 
fiber and general fibers. For the case where k is perfect, Proposition [H] 
is very similar to [PSZ. Theorem B], 

Proposition 8. Let k be an F-finite field of characteristic p > 0. Let 
X be a regular variety over k. We fix the followings. 

• e G Z >0 . 

• T ■= K- 

• An effective Cartier divisor E on X x ^ T such that Supp E 
contains no fibers of the second projection X x k T -A T. 

• A closed point x G X and a rational point a G T{k). 

• A coordinate t = [A,-- - ,t r ] of T such that a G T(t,k pe ) (cf. 
Defiiiition \E). 

//TiW i{a) (£| Xx , { a }) is surjective at (x,a), then there exists an open 
subset (x,a) G U of X x k T such that TC Xx {b}( E \xx k {b}) is surjective 
at ( y , b ) for every closed point ( y , b) G U with a closed point y G X and 
b G T(t, k pe ). 

Proof. We may assume that 

X = Spec Rxi T = Spec k[ti, ■ ■ ■ ,t r ] = Spec Rt- 

Moreover, we can assume that a = (A, • • ■ , A) C Rt, that is, a is the 
origin (Remark [7|). By shrinking Spec R\ around x, we may assume 
that Rx has a p-basis {xi, • • • , x n }: 

fi.v= © 

0 <ia<p e 

Take an element 0 f p G Rx ®k Rt which satishes the following prop¬ 
erties. 

(1) (x,a) G Spec((i?v <8>k -Rt)[p -1 ])- 

(2) ^| Spec(( R x ® fe R r )[p-i ]) = div(/) where / G (R x <S> Rrfip -1 }- 


Set 


S:=(R X ®kR T )[p~ 1 }. 
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Let Si on X x^T be the pull-back of the regular effective Cartier divisor 
div(tj) on T. By Proposition 0 we see that the trace map 

r 

tAxt((V -1) I> + U 

i= 1 


is surjective at (x,a). Shrinking Specs' around (x,a) if necessary, we 
obtain the following splitting: 


id s : ^ KS 


xf(ti-t r )P e 1 


» F)S 4 S. 


It suffices to show the splitting of 

s _^ F e S x/((ti-bi)-(t r -fe r ))p e -^ pes 

for general (b 1 , ■ ■ ■ , b r ) G ( k p£ ) r . 

Since 

j ^nt ^1; Sr b r ) 

is a p-basis of R x k[ti, ■ • * ,tr\ for every 6* G k (Lemma H]), it is also 
a p-basis of 

(R x <8>* A:[ti, - - * , tr-])[p _1 ] = (Rx ®k ^t)[p _1 ] = S. 

For every b (b\, ■ ■ ■ , b r ) G k r , we obtain the following expressions 

9 = Y 

0<ic,<p e fi<jp<p e 

0 <ia<p e ,0<jp <p e 

where fj,j, £i,j(b) e S', / := (o, • • • ,i n ), and J := (jj, • • • , j r ). Clearly, 
6,j(0) = By applying the binomial expansion to tf = ((t{ — be) + 
b() 3t 1 we obtain 

h»(>>r= Y. tfA'-F 

0<jp<p e 

for every I and b — (bi, ■ ■ ■ , b r ) G (h p6 ) r . 

Consider the following polynomial 

Vi, o( z i, ■ ■ ■ , z r )’■= Y i ■ ■ ■ z l r ^ S\ z ir ■ ■ , z r}. 

0<jf3<P e 

For b = (&!,•• • , b r ) G (k pe ) r , we obtain 

■■■ ,K) = Y ^J b i 1 ■■■K = Ci,o(b) pB . 

0<jp<P e 
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If £/,oO) £ nxQ/,6), then Tr e Xx{b} (E\ X x k {b }) is surjective at (y,6). Thus 
it suffices to find an index I' such that £i,o(b) m^*,) for every general 

(y,b). 

Recall 

U G k[ti, ■ • • , f r ] = C i?x Rt C (i?x -Rt)[p x ] = S, 
where we write t t — 1 p G S' by abuse of notation. Thus, we obtain 

Vi,o{ti, ■ ■ ■ , t r ) g S. 

Then, for a closed point a; G A and b = ( 61 , - • - ,b r ) G (fc pe ) r (i.e. b 
corresponds to the maximal ideal (ti — bi, ■ ■ ■ , t r — b r )), the following 
three assertions are equivalent. 

• Vl,0 if 1, ’ ' ‘ ■ tr) ^ lTl(3/,6) ■ 

• Vi,o(bi, ■■■ ,b r ) fL m ( . yi b). 

• 6,o ( 6 ) £ tn (y)6) . 

Since </? gives the above splitting, we can find a multi-index P = 
(ij, • • • , z' n ) such that 6',o = 6',o(0) fL m.( Z)a ). This implies 

Vl',0 Rl, ) C) ^ TR(3;,a) ■ 

Thus, we can find an open set (x, a) EU Cl XjT, such that 

rji',o{ti, ••• ,t r )& P 

for every prime ideal p G U. Therefore, for every (x, b) G U where 
x G X is a closed point and b G T(k pe ), we obtain Cr,o(b) 0 m^). □ 

Proof of Proposition [H First, we reduce the proof to the case K = Q. 
By enlarging coefficients of A, we may assume that A is a Q-divisor 
(cf. CTX Remark 2.8(2)]). We can write D = < i<s a i D ? ;, where 
cii G M>o and each Dj is a semi-ample Cartier divisor. By the induction 
on s, we may assume that s — 1. Thus we obtain D = aiDi. By 
replacing a\ with r ai n , we may assume that D is a semi-ample Cartier 
divisor. Thus, we could reduce the proof to the case K = Q. 

From now on, we assume that K = Q and we show the assertion 
in the proposition. Since X is projective, we can find an effective Q- 
divisor PI on X with the following properties. 

• (A", A + H) is strongly F-regular. 

• SuppA C Supp H. 

• (X \ Supp H, A| x \ Supp tf = 0) is globally F-regular. 

By enlarging coefficients of A and P[ a little, we may assume that 
(p d ° — 1) A and (p do — l)p[ are Z-divisors for some do G Z>o- By replacing 
D with its some multiple, we may assume that id is a Cartier divisor 
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such that \D\ is base point free. In particular, dim*, H° (A', D) > 2, 
otherwise D ~ 0 and the assertion is trivial. 

Set T x ■= A q k = A(H°(X, D)) (i.e. q := dim*. H°(X, D)) and 

T := (T 1 ) dimX = A q k x k ■ ■ ■ x k A q k ~ A qdimX . 

We can find an effective Cartier divisor V on X x * T which satisfies 
the following properties: 

• Each ^-rational point a £ (A l(k)) dimX = T(k ) corresponds 
to a pair {D\, - • ■ , D d \ mX ) where, for every i, we obtain Di ~ 

F> is an effective Cartier divisor. In this case, we write a = 

[Tb, , C ( i| m \ ] ■ 

• 'D\xx k {[D 1 ,-,D dimX ]} = D 1 H-h D dimX . 

Fix a coordinate t — (A, • ■ • , by dim v) of T. Note that we have a subset 
T(t,k 0 ) C T(k), which is dense in T (cf. Definition E]) . 

We show that there exists e 0 £ do^>o such that the trace map 

Tr e °({p eo - 1)(A + H) + 2 (D 1 + • • • + D dimX )) 

is surjective for every [£>i, • • ■ , -D dimX ] £ T(t, A: 0 ). Fix a = [£>i, • • • , D dimX ] £ 
T(t, ko). Then, we can find d a £ Z >0 such that 

(A, A + H H—^+ • • • + D d imx)) 

pa a — i 

is sharply F-pure. In particular, we can find e a £ d 0 ^a^>o such that 
the trace map 

TA?((p e “ — 1)(A + H + -j- — - {D\ + • • • + D d jmx)) 

= T r Xx{a} ((p ea - 1)(A + H + ^TY^Uxw)) 

is surjective. By Proposition [H] and the properness of X, we can find 
an open subset a £ U a C T such that 

T'WtP'- - + H + ^rn-Uxxm)) 

is surjective for every {6} £ U a Cl T(t, fc 0 ). In particular, (A x {b}, A + 

H + ^rrrU.Yx{b}) is sharply F-pure and 

W?x«,;|((f>"“ - 1)(A + H) + 2T>\ X x{b})) 

is surjective for every e £ Z >0 and every b £ F n fl T(t, fco). Therefore, 
we obtain an open cover 

T(t,fcb)c U U a . 

a£T(t,ko ) 
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By the compactness of T(t,k 0 ), we obtain T(t,k 0 ) C Ui<i< s ^“i- Set 
&o e ai • • - e 0s . Then, we see that the trace map 

TiSyytP™ - 1)(A + H) + 2V\xx{c})) 

is surjective for every c G T(t, /cq) - 

Since |D| is base point free and T(t,k 0 ) is dense in T, we can find 
effective Cartier divisors 

-^l)''' 5 Dpza-i ~ D 

which satisfy the following properties. 

• [D-] G Ti(fc) = A q k (k) for every 1 < i < p eo — 1. 

• For every {A, • • • , i d imA'} C {1, 2, • • • ,p e ° - 1} with A < i 2 < 
■ ■ • < idimx, the point [D^, • • • , D[ ] G T(fc) is contained in 
T(t, ko). 

• n je j D j = 0 for every subset J C {1, 2, • • • ,p e ° - 1} with | J\ = 
dim X + 1. 

We obtain 

p eo _ i + " ' + D P e o-i) =: A» r 

and 

T4°((p eo - 1)(A + H + 2ZT)) 

is surjective at every point. By [ SSI Theorem 3.9], in order to show 
that the pair ( X , A + D') is strongly F-regular, it is enough to prove 
the following two assertions. 

(a) Tr x((p e ° — 1)(A + D') + ( p e ° — 1 )H + ( p e ° — 1 )D') is surjective. 

(b) (A ; \Supp (H + D'), (A + D')\ x \supp(H+D')) is globally F-regular. 
The assertion (a) follows from 

(p eo - 1)(A + D') + ( p eo - 1 )H+(p eo - 1 )D'= ( p eo - 1)(A + H + 2D'). 

The assertion (b) holds because (A \ Suppi/, A|x\su PP r) is globally 
F- regular. We are done. □ 

The proof of Proposition [3] is almost all the same as the one of 
Proposition [2] For the sake of completeness, we give a proof of it. 

Proof of Proposition 0 By enlarging coefficients of A, we may assume 
that A is reduced, that is, A = lAj. By replacing D with its some 
multiple, we may assume that D is a Cartier divisor such that |D| is 
base point free. In particular, dim*, H°(X, D) > 2, otherwise D ~ 0 
and the assertion is trivial. 

Set Tj := A g k = A(H°(X, D)) (i.e. q := dim fc H°(X, D)) and 
T := (Ti) dimX = A g k x fc ■ ■ ■ x fc A g ~ A g k dimX . 



SEMIAMPLE PERTURBATIONS FOR LOG CANONICAL VARIETIES 11 


We can find an effective Cartier divisor T> on A Xk T which satisfies 
the following properties: 

• Each ^-rational point a G (A£(F)) dimA = T(k) corresponds to 
a pair [Di,--- ,D dimX ), where, for every i, we obtain F, ; ~ 

D is an effective Cartier divisor. In this case, we write a = 

[Fl, j Flim A ] ■ 

• T>\ xx k {[D 1 ,-,D dimX ]} = Di H-h D dimX . 

Fix a coordinate t — (A, ■ ■ ■ , t q di m x) of T. Note that we have a subset 
T(t,k 0 ) C T(k), which is dense in T (cf. Definition EJ) • 

Since \D\ is base point free, we can hnd a non-empty open subset 
T° C T such that, for every [D 1 , ■ ■ ■ , D dimX } G T(k) fl T°, the support 
Supp(^ Di) does not contain any F-pure centers of (A", A). 

We show that there exists eo G Z >0 such that, for every [D i, • • • , D d w n x\ G 
T(t, k 0 ) fl T°, the trace map 


T4°((p eo - 1)A + (DH -h D dhaX )) 

is surjective. Fix a = [Di,-- - , D r Mm y] G T(t,k 0 ) (IT 0 . Then, by 
[ Schwede . Main Theorem], we can hnd d a G Z >0 such that (A, A + 
p dl_i (D\ + • • • + D d im y)) is sharply F-pure. Therefore, we can hnd 
e a G d a Z>o such that the trace map 

Tl- e x((p e - - 1)(A + + • • ■ + Odin,A-))) 


= Trfx.w W - 1)(A + ^TVT®Ux* W )) 

is surjective at every point. By Proposition [8] and the properness of A, 
we can hnd an open subset a G U a C T such that 


TV 


„,((?'• - !)(A + 75— r »U*.w)) 


pu. a _ ]_ 

is surjective for every b G T(t, k 0 ). Therefore, 

1 


TV 


x e ; fc {. } (r- i)(a+ 


-Fl 


pa 


Xx 


db})) 


is surjective for every b G T(t, k 0 ) and every e G Z >0 . By the compact¬ 
ness of T(t, k 0 ), we can hnd a required eo- 


Since |D| is base point free and T(t,ko) is dense in T, we can hnd 
effective Cartier divisors 


D[, • • • , D’ pe0 _i ~ D 
which satisfy the following properties. 

• [D[] G Ti(k) = A q k (k) for every 1 < i < p eo — 1. 
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• For every {R, • • • , i d imx} C {1, 2, • • • ,p eo - 1} with R < i 2 < 
■ ■ ■ < idimx, the point [Df, • • • , D[ ] G T(fc) is contained in 
'/'(/./.-o) nr' 1 . 

• fljej D ', = 0 for every subset J C {1, 2, ■ ■ • ,p eo - 1} with \J\ = 
dim X + 1. 

We obtain 

D yr=r ( ' D; + "' + B b-.) - D ' 

and 

T4°((p eo -l)(A + D')) 

is surjective. Thus, (A, A + Z/) is sharply F-pure. □ 

Proof of Theorem \Jl First we show the assertion for the case K = Q. 
Since there exists a log resolution, we may assume that X is regular and 
A is simple normal crossing. By Proposition [3] (resp. Proposition [2]) , 
we can find D' ~q D such that (A, A + D) is sharply F-pure (resp. 
strongly F-regular). In particular, it is log canonical (resp. kit) by 
[HW. Theorem 3.3]. 

Second we prove the assertion for the case K = M. We can write 
D = Y^i=i a iDi where a t G M>o and D, is a semi-ample Cartier divisor. 
By the induction on r, we may assume that r = 1. Thus, we obtain 
D = a\Di where ci\ G M>o and D\ is a semi-ample Cartier divisor. By 
replacing a\ with r ai n , we may assume that D is a semi-ample Cartier 
divisor. Since there exists a log resolution, we may assume that X is 
regular and A is simple normal crossing. By enlarging coefficients of 
A a little, we can reduce the problem to the case K = Q. □ 
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